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VIL. Cun Cumtripetol Forces, By Edward Waring,k M. D.
B R. S. Profeffor of Matbematics at Cawxbridge.

Read January 10, 1788.

PROP. I.

1. ET a curve PpN (Tab. IL fig. 1.), of which the per-

pendiculars to the two neareft points P and p of the
curve are PO and pO, and confequently O the center of a
circle, which has the fame curvature as the given curve in the
point P; draw PY and /y tangents to the curve in the points P
and p; from S draw Sy and ShY refpe@ively perpendiculars to
the tangents. /y and PY ; and let 8hY cut the tangent /y in 43

then will ultima%ely hY (- P) be the decrement of the perpen-
dicular SY =P ; and the triangles /Y and POp be fimilar : for
the angles POp and 4/Y are equal, and the angles /Y% and
OPp right ones; therefore PO : Pp :: /Y ultimately =PY : Y5

bePO_._bePO

i T orpy T
1.2. Fig. 2. and 1. The force in the dire&tion PS 1s as the
ultimate ratio of 2 x QR (the fpace through which a body
is drawn from the dire@ion of its motion in the tangent in a
given time towards the center of force) ; but ultimately 2QR =
2QP*
PV’
confequently as the velocity (V) of the body at the given
point P, and PV the chord of curvature in the direttion SP.
Kz ‘ 1.3

decrement of the perpendicular, whence Pp=

where QP is as the {pace defcribed in a given time, and
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68 Dr, WARING on
1.3. The increment (Pp) of the fpace divided by the velo-
city V is ultimately as the increment, of the time, and

= the increment of the velocity (V) divided by the force
2V?  PY Pp

— dire&ior he  tar it s, P o
5V X5 in the &ion of the tangent, that is, il

VxPVxSP, ; for Pp fubfhtute X_]’_PXT'{.I.J_Q, and there refults — ~PxP0

2VixPY P Y xV
_VXPVXSE. g confequently .__P xPO_ V. s butSEXPV - oy
2V® x xXPV v’ 2PO

ey and V= 1‘;, where @ 1s an invariable

—

—P
=P, whence — =

quantlty

Cor. Since VX P, that is, SY the perpendicular multiplied
into the velocity (which is ultimately as P the {pace defcribed
in a given time) i1s ultimately as the area defcribed round the
center S in a given time; but this reCtangle =4, a given
quantity s therefore the area, defcribed round the center of
force S in a given time, will be a given quantity, and thence
in unequal times will be proportional to the times.

1.4. The fagitta QR is ultimately as the force, when the
time is given; and when the time is not given, it will be as
the force into the {quare of the time; from which exprefiion,
by fubftituting for QR and the time their values, may be de-
duced feveral others.

Sir Isaac NewTon has demonftrated this propofition with
the greateft fimplicity ; and this is given to fhew, that the
fame propofition may be deduced from different principles,

PR OP, II.

1. Fig. 3. Given the relation between SP’ the diftance from

a point 8, and SY” a perpendicular from the point S to P’Y, a
line touching a curve in the point P’; to find the relation
I between
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between Sp” and Sy’ (a perpendicular from the point § to v, a
line touching the curve in the point p”); in which two curves.
PP’L and pp’/, the forces and velocitics at any equal diftances
SP and §p are equal, and confequently the perpendiculars SY
and Sy, at the above-mentioned equal diftances. SP and Sp are:
to cach other in a given ratio N : 2.
In the equation exprefling the relation between SP’ and SY’

for SP” and SY” write refpectively Sp and 2

, and there re-

fults the equation fought : for the diftances SP and Sp” being
equal, the perpendiculars SY” and Sy’ are as N : 7.

Ex, 1. Let S be the focus of a conic fe&ion, then willi
1Ce X =55 =SY?*=P?, where T and C denote its tranfverfe

and .conjugate axes, and D the diftance SP; for P write
D N>

N
— x p, and there refults. the equatlon 1Cx Txm=g %Py

wh1ch* is an equation to a conic feion of the fime name (v,
ellipfe; parabola, or hyperbola) as the giverr curve, of which:

the tranfverfe axis is ‘T, and’ conjhgat‘e:cigf,. and’ perpendi--
cular from the focus to the tangent =p. If T and C are infi~

nite, and confequently the curve a parabola, and. the equation.
1 Lx D=P*, then will the /atus recfum of the refulting equa~=
. Lx n*
tion be ——X;"—
N
Ex. 2. Let' S be the center of the logarithmic' {piral, then
will the equation be 4 x:SP =4 x D=5Y =P,.and confequently
. . N an
the refulting equation @ x D=— x p, whence = - D = p an

equation.to a logarithmic {piral having the fame center.
Ex. 3. Let T and C be the {femi-conjugate axes of a conic
fe&ion, and. S its center; then will the equation exprefling
the
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the relztion between the diftance D and perpendioular P be
T . N, ! :
D’a—_a___.._.T .=C*; for P write as before ~2, and there ‘re-
n

ZTZC
fults the equation fD“‘"’sz2 ——=T"==C", an equation to a conic
{fe@ion of the fame name, of which the tranfverfe and conju-

gate diameters are refpectively two roots () of the equation
2re2
x2~'-_§_.(_3. ="T"==C"?, becaufe in this cafe p=D.

—

~The fum or difference of the fquares of the tranfverfe and
conjugate diameters, in all the refulting equations, will be the
{fame.
Cor. In every equal diftance, the chord of curvature paffing
through the center of force is the fame; for the forces in that
dire&ion, and the velocities at every equal altitude are the fame,

PR OP. IIl

1. Fig. 4. and 3. Given an equation A=o, exprefling the
relation between the abfcifs SM =« and ordinate MP=y; to

find the equation exprefling the relation between SP =5+ y°
and SY =P, the perpendicular from S on the tangent PY.
From the equation A=y find =By, which fubftitute for x
in the equation (x*+5*)% x P=x%y==xy deduced from the fimilar
triangles Plo, MTP, and STY, where lo=% and Po= =73 let
the refulting equation be C=o; reduce the three equations
A=o0, C=o, and & +y*= SP*=D" into one, fo that the un-
“known quantities ¥ and y may be exterminated, and there re-
fults an equation exprefling the relation between D and P.

Cor. Hence from the equation exprefling the relation be-
tween x and y, the abfcifs and ordinate of acurve, ‘can be de-
duced an equation exprefling the relation between the diftance
SP and perpendicular SY ; and from the equation exprefling

5 the
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the-relation between the diftance SP and SY can be deduced
an equation expre(ling the relation between the diftance Sp and
perpendicular Sy from the point S to the tangent py of a
curve, whofe force and velocity at every equal diftance is the
fame as in the given curve, but the direction different.

2. Given an equation K=o exprefling the relation between
SP=D and 5Y =P to find an equation exprefling the relation
between SM=w and PM =y, the abfcils and ordinate of the
{fame curve. ‘

In the given equation K=o for D and P write refpe@ively

V& +y* and {/x—;f—y—z, and there refults a fluxional equation
y x

L.=o0 of the firft order, of which the fluent exprefles the ge-
neral relation between x and y.

Gor. If in the given equation for P be wrote #P’, there
refults the equation K’ =0, which exprefles the relation between
the perpendicular Sy =P’ and diftance Sp=D" of every curve,
which at equal diftances has the fame velocity and force tend-

ing to S; reduce the equations K’'=o, D=v/#+y and

2P’ = f/x’“ 7 into one, fothat D and P’ may be exterminated,
P

and there will refult the fame fluxional equation of the firft
order, exprefling the relation between #, y, and their fluxions,
whatever may be the value of #. The general fluent of this
fluxional equation contains the relation between the abfcifs and
ordinates of all curves, which have the fame force and velocity
at the fame diftance as the force and velocity in the given
curve,

PROP,
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PROP, IV,

1. Let a body move in a given curve PH (fig. 5.), of which
the velocity (v) at any point P is given: and let the forces
F 7, &ec. tending to all the given centers 7, 8, &c.
(except two S and S7) be given; to ﬁnd the forces f and f/
tending to the two points § and S

Draw a line PO perpendicular to the tangent yPy’; and
from the given centers S, &, 5", &c. draw lines S/ and Sy,
SV and Sy, S”F and 87, &c. ‘perpendicuiar to the

lines PO and yPy’, &c. 3 then will 1030 =fx PS'—'f/ _;_f//

;jfﬁ,,—*—&c {where PO is the radius of the circle having the

<~ ) , . ‘ ° ..-‘Uv-.
{ame curvature as the curve in the point P), and = __fx

= Y f x + &c. (where A denotes the arc of the curve PH)

from the data may be deduced all the quantities contained in
the above mentioned two equations, except f and f'; and con-
fequently from the two given fimple equations be deduced the
forces fought f and /7.

2. Let the velocity of the body moving in the given curve

: Py o B e BY
be fuppofed always uniform 3 then f'x ===/ x & poas
&c. =o.

Ex. Let the curve HP/ be an cllipfe, and the two foci Sand

S’ the centers of forces ; then will f x 20— f’ but the angle

SPI’
SP) S’P_y, and confequently P4 and Jf=/"; but fince

a’x SP
= X = X — — e
1’0 =fxg +f sP 2f SP, ‘and v=g, then will f= 25 X0

be the force tending to each focus.
In
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In thefe and the fubfequent cafes the lines Py, Py’, Py”,
&ec. are to be taken negatively or affirmatively, as they are
fituated on the fame or different fides of P; and in the fame
manner the fines P/, P/, P/, &c. are to be taken negatively
or affirmatively as they are fituated on the fame or different
fides of the tangent yPy’, &c.

3- Let the centers M, M/, M”, M7, &c. of forces be
ppoints not fituated in the plane of the given curve HPI, &c.
and the forces /77, f”, &c. tending to each of the centers
M/, M”", &c. (except three M, M/, and M) be given; to find
the forces £, f7, and /7 tending to thofe three points M, M’,
and M”.

Draw "MS, M’S/, M’S”, &c. perpendicular to the plane
HPI, &c. from the éboVe-mentioned points, and affume the
MS = s’ NSy M8’

v MS* 3 sp? v M S’Z—{- S'P* vM'S7 4 S

. MI/IsIII .
7 , P : -
=" x M 7SE L S + &c.=0¢, and the two pr,ecedmg equa-

— =f7 o v — == &c. w— _
tlonsPO foM ==f7 x PM""{ PM,, - &cand 28 =fx W =

I x PM’ Lo ==f" x M,,:‘-:&c. ; from the data may be found all the

quantities /7, f'’”/, &c.3 and confequently from the above
mentioned equations may be deduced the forces f, /7, andf””.
4. Let the body move in different planes, that is, in a curve
of double curvature at the fame points; draw PR a tangent to
the curve at the point P, and PQ an arc of the curve of double
curvature ; draw alfo two planes PRV and PRT, cutting one
another in the line PR ; from the point Q_let fall QV and QT
perpendicular to thofe planes refpetively, and from the points
V and T draw Vo and T? refpetively perpendicular -to the
line PR; let v be the velocity of a body moving in the given
Vor. LXXVIIL L curve

equation _f'x
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curve at the point P, and affume 1= =20 and = 2C’ refpec-
tively ; from the given centers of forces_M, M’ , M7, M,
&c. draw MS, M%, M”S”, M/’S"”, &c.; Ms, M's’, M”'s”
M’’s”, &c. refpelively perpendicular to the two planes RPV
and RPT'; and PL and P/ perpendicular to the line PR in the
fame two planes RPV and RPT; andalfo SP, SP,SP, 5P,

&, sP “s'P, s’P, &c.: from the points S, &, &, &/, &c.
5, &y s, &c. draw the lines SH, SH’, SH"”, S""H"”, &c.
shy b, b, 7h, &c. refpeflively perpendicular to the
Iines PL and P/; and SK, S’K’, S”K”, S"/K", &c. sk, s'¥,
sB’, K", &c. perpendicular to the line RP; and let the
forces 7" f7/, ‘&c. tending to all the points M/, M7/, &c.
(except three, M M’ and M ) be given ; then from the three

s, PH" 17 ®

given equ'ltlons MP f =5 E f == &c. and ,

Ph Py 4, 7 'wv PK PK’ :
= X f o w P

= MP xf P f M" %" 2te. and 227 & =m0

= M”P xf"x= M’”r xf”’+&c = P 5 x 255 i Xf_.—M”P xf*

== &c. which contain only three unknown quantities, can be
deduced the forces f; f’, and f”’, required, tending to the
points M, M/, and M”.

 PROP, V.

Let a body acted on by forces tending to any given points
S, &, 8, &c. move in a given curve, to find its veloeity in
any point of the curve. |

Find the fluent of the ﬂux1on ( f X .. f ii""‘ % ﬁé’/,_
j/,, Pi’l”..;. &c') '[\.:"_fI)—"‘h‘f‘/-‘)l:i-':/-”I)Hi &Co -— - ‘U‘Z} When

the forces are all contained in the fame plane ; or the fluent of

(f*]
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(fx ) g PP\’A,_ 7 % :lfd,,-‘-&c) ».A (when contained in
different planes) = fx PM== f/ x PM/== f* x PM” = &c. = ’
FrDacf/ x D'==f" x D&, s but ﬁncef,f’ 17, &c. are
‘given fanétions of the quantities D, D/, D", &c. the fluents

offxD f xD' f7xD", &c. can be found ; thch, \nheu.v
properly correted will be as 2 = } the fquare of the velocity in

any point P, A denotes the arc of the curve, and D, I/, D",
&c. the refpective diftances of the body from the centers of
forces.

Cor. The increment of the time of defcribing any arc of
the above-mentioned curve will be as the increment of the

arc = A divided by the velocity found above, and confequently
the time itfelf will be as the fluent of it properly correéted.

PROP. VI

1. Leta body move in any curve, and be alted on by forces
tending to any given points, S, &', §”, §”/, &c.; all of which,
except the force f tending to the point S, let be given, to find
Jf the force tending to S.
~ Let Sy, Sy, Sy, &c. be perpendicular to the tangent Py
of the curve at the point P ; refolve the forces £, /7, f7/5 f7”,
&ec. tending to S, &, 8, 8§, &c. refpeltively intotwo forces,
of which one a&s perpendicular to Py, the other, S/, 57,
SV, &c. perpendicular to PO, which is perpendicular to Py;
let PO be radius of the circle of the fame curvature as the
curve, and v the velocity -of the bddy at the poin’t P; then

S ’
will —==fx s=f/ x L f x s”P +f”’ S,,,-;,—, +&c. and -

sP
vy P}' Py 17 P} /. , syx PO
I.‘_ X SP+ ' x g’-f’i X b//P—‘— / S’”P &CO - for fuoeed

L2 i chord
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chord of the circle of curvature, which paﬁcs through §,

write C; and for PO x (-’-f’ S’P"f” * §”F+&c ) fubftitute

$, and for P4 Wnte B; and for=f" % - y -»*f”

w$

i

S,,P 4+ &c.
Tubftitute D, and the two preceding cquatxons become v* =
[xC+H and —vo=(Bf+D) A, where A denotes as. be-
fore the increment of the arc of the curve! from the firft
SXCHCOAHE . (Bf A+DA) and confequently

2 : B
Cf—;— (Cf— 2B‘A)f+ H+2DA = 0, from which fluxional equa-
tion. may be deduced the force f tending to the center (S)

equation vv =

2 2BA )
= —C-rxe fc x/(H-;—zDA)xef ¢, where ¢ is the
number, whofe hyper. log.=1. ‘

Cor. Fig. 1. Let f7, ", f"", &c. be each =0, then will

2BA

D=0, H=0; and confequently f(zDA +H) % e f T =

]

f 2BA__3BX$/XPO_ 25

conft = a4, and f_ —axC-ixe TSl Ty =
[ 2.5y

aC-t x._e-f % 3 whence f:s;-—:_c as. is generally known,

where 2 denotes an invariable quantity.

Cor. The force f being: found, the fquare of the velocity
may be deduced from the equatlon v*=fxC+H, and the
time from the fluent of t:he fluxion & = A__.

v v fxC+H

2. Let the body move in a curve of double curvature, and:

let the forces f*, f/, &c. tending to all the points M/, M/,

&ec. (except two, M and M) be given; to find the forces
tending to.the points M and M.

Aflume:
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Aflume the three equations before given in Prop. 4. wiz.

& =I}:71}"i15 fl+M”P xf== & Cz’ "'MP f“‘M’P *f%
fﬁ;x /' &c. and —vv= ( f"' 7 JS= M”P X [ ==

&c. = PE s fee 1’9 xf’ ==&c.)X A, from the two former may be

deduced the equations vv = of + B+ fa +f’B +y, and VU=

&+ B+ fa+f "B+, where a = O = __,Cz;;i’,
v===1C ( Pfi;fl{ D PHI:;:Z{W =+ &c.); o' = 2;2‘131’,_ Q===

%‘“mgw y==1C ( P\}::/:f”ﬂ: P];;,,Ymi&c-), whence may

be derived the two equations uf+Bf’+fx+f’/G -l-'y—-a:f—l—
j +fac +f/B/+'y =af==pf’ =7, where 7 = — (%:% ‘

A, p_.__ ;I,{I: ;:ﬁ,[,) XA = — (”—M”P f”—'—M,,,P o

=&c. = &c.) X A.

Reduce thefe two equations to one, fo that f/, f "",'.&c. and
their fluxions, may be exterminated, and there refults a
fluxional equation of the formula Hf +Kf +Lf+M=o,
where H, K, L, and M, are fun&ions of one of the before:
mentioned variable quantities (for example, MP:W) which:
may be fuppofed to flow uniformly, and its fluxion.

PR OP VI
1. Fig. 6. Given the force tending to any point S, the velo-
city and direGion of the body ; to find the curve defcribed.
Let the body acted on by a force f tending to S, at the dif-
tance I from S be projeed in the direftion P'Y’, with o
7 velo~
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velocity H; 4nd let the perpendicular from S to the tan-
gent 'Y’ be A; from the general fluent of fx D, where
D denotes the diffance from S, and f is a fun&tion of
D, pmpu‘lv correfled find its velocity V at_diftance D,
and confequently the perpendicular SY from the center S
to the. tangent PY at diftance D=S8P, which will be
AxH

=8Y; but A and H ave given quantities, and V'a known

fun&ion of D; therefore SY and JSP"(D’) ~SY*=PY will{
be known fun&ions of D; and from the fimilar triangles

SPY and PQT may be deduced PY :SY :: PT=D: QT,

and confequently SP x QT =D x D;YSY

(which 1s a known

fun&ion of D multiplied into D) will be as the increment of
the area defcribed round the center of force, of which the
Quent properly correfted is proportional to the area defcribed
round the center of force, and confequently to the time. In

. ' SyxD
like manner, ==
e ' DxPY

angle defcribed by the body round S) is a fun&ion of D mul-

tiplied into D, of which the fluent properly corrected, or angle,
will be as a function of D. ; .
1.2, Fig. 7. Given the above-mentioned force, &c.; tofind
an equation expreffing the relation between the abfcifs SM = x
and ordinate MP = y of the curve defcribed, and their fluxions.
From the fimilar triangles Ppo and LPM can be deduced

po=y:0P=x 1: PM=y: LM= butLM""SM*{-'—*:x-—--

= (S%' (proportional to the increment of the

"Zf—'—jfﬁ:LS, apd confeqnently Pp:\/x F57 0 po=y LS:—:Y
EY SY:-:‘%’_E‘E',—'_:‘Z'. but SY is a funéﬁ‘ﬁon to be deduced

T2’
J A5

5 as
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as above of SP=+v/z"+j%, whence the fluxional equation

ZiZ =0 G 4y)

2. Flg. 8. Let a body be a&ted on by any number of forces
(LSS &) in the fame plane tending to the given
points S, 8%, 8, 8/, &c.; to find an equation exprefling the
relation between SP =D and SP=D, and their fluxions,
where P is a point fituated in the curve which the body
defcribes.

Suppofe YP a tangent. to the curve at the point P, and PZ
pcrpexldicular to it ; and refolve all the forces tending to 3, &,
§”, &c. refpeQively into two others; one in the dire&tion PY,
and the other in the dire&ion PZ;, fubftitute for SP, S'P,
S”P, S8"'P, &e. refpettively D, D/, D7, D", &c.; and fuppofe
SY, §'Y’, §”Y”, §""Y", &c. perpendicular to the line PY;
then will the triangles PQT and SPY, PQ"T” and $'PY’ be
fimilar, whére PQ denotes a: vcfy fmall arc, and QT and
QT” are perpendicular to the lines SP and S'P; hence PQ=

PI ’ "D
PT;;SP__DP);D_ P);,S : :DP;,, ; and confequently PY : PY’

2 DxD: D x D’; and if the quantities D, D, D and D’
are given, the ratio of PY : PY’ will be given; which being
given, together with the line S§’ =g, the lines PY and PY",
SY and S'Y’, can be found; for, drawing SL parallel to PY,
and meeting §Y" in L, let PY'=mxPY, then YY'=
(m==1) PY=SL, SY= ¢(SP2 PY) = /(D" -PY?), Y
=/ (P =PY"?) = (D”—m x PY?), LY =8Y =SY ===
\/(D’z m’PY*)z=y /(D" = PY"); and S§”=5L°+LS" an
equation in which all quantities (except PY) are given, and
confequently PY is determined by an equation, which wilk be
a quadratic ; but PY being found, from thence PY’, SY and

sy«
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S’Y’ may be deduced, which are confequently all fun&ions
of D, I, D, D, and invariable quantities; and their
fluxions - PY’, SY, and &Y’ fun@ions of D, D,
D D, D,and D': from the fimilar triangles before given
SY :I’Qzll—i—.l—)- PY : 953 = PO the radius of curvature
hence PO is a fun&ion of D, I, D, D, and I, if D=0 ;’
and from D, DY, S, D, D/, and the point S” given in‘ pofi-
tion can be determined 5P, §”Y” and PY”; for let S”"h=C
be drawn perpendicular to 88’ =4, and Sh=4; then will S/ (if
P/ be a perpendicular from the point P to the line 83") ===
DD and §7= =2 =2 and PI= /(SP* - 8/%), and
SP= v (6==31) +(C+PZ)) draw S”7Y" perpendicular to

the tangent PY, and cutting the lines SS" and SK parallel to

PY inoand 7 refpe&ively ; then will ob =% «/((PS;’_’F-I)@P;':-ZPY ) ’

s o._.C xlss ; (and from the fimilar triangles S”’0b and Son)on =

(b oZ)) X s" ; whence S”Y”::.—S"»o—_:on:’:—l‘SY will be a

known fun&ion of D, D/, D and D’, and invziriablc quanti-
tics: the fame may be predicated of fimilar lines drawn to the

PY Py’
centers. S, 8", &c.; and confequently (fx . P-‘- 'R

=f" X s"P *f”’x S,,,P__&c)xA (where A, as before, de~:

notes the fluxion of the arc of the curve) = f XD z=f/ x D=
Jx D”-“f”’ x D/ =-8&c.= =29, if v denotes the ve]ocxty,,
but as £, /% f"s f"s &c. are fun&ions of D, IV, D, D,
&c. refpettively, the fluent of the above mentioned  quantity
FD=cf' I =f""D"”=&c, can be found in terms of D, D',
D7,
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D7, D, &c. from the fluents of the ﬁux‘ioust, F 1Y, &e.:
and confequently in terms of D and D', which let be Z, then

Y, SY
‘W1IIZ_.--— but 'v_..-"Z POx(fx =f % X o5 == [
X gslz,” =f7 Sq,,s,{;""'&c ) a fluxional equation of the fecond
order exprefling the relation between D and D’, and their
fluxions. ,
2. To find an equation expreffi ng the relation between
x=SM and y=MP, where SM (¥) is the abfcifs beginning
from S and continued in the line SS, and MP () the per-
pendicular ordinate of the curve defcribed by a body afted on
by the above mentioned forces: in the fluxional equation
found before for D and D’ and their fluxions fubftitute
(#*+)% and ((SS’==#)’+ y*)* and their fluxions, and there
refults the equation fought.

Cor. It eafily appears, that the general fluent may contain
two invariable quantities to be affumed at will, or according to
the conditions of the problem; that is, at a given diftance the
velocity and the direGtion may be aflumed at will, and confe-
quently the general fluxional equation exprefling the above
mentioned relation will be of the {fecond order, if no fluents
are contained in it.

Cor. From Py and Py’, and the points S and & being given,
can eafily be deduced geometrically the dire@ion of the tan-
gent and the lines Sy, Sy, &c.; for divide the line S5 in 7,
{o that Py==Py’ : S’ :: Py : Sr, and through r draw the line
Pr, the perpendicular to Pr through P will be the tangent
yPy’; to this line the perpendiculars from S and §” will be the
lines Sy and Sy’ required.

Vor. LXXVIII. M Cor.
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Cor. From the fluent of the above-mentioned fluxional
equation may be deduced the velocity V in terms of Dand D’ ;

DxD C .
and from the fluent of F}%‘T’ which is a fun&ion of D mul-

tiplied into D, may be deduced the time.

3+ If the plane in which the body (P) moves, and all the
forces {7, '/, f"”, &c. tending to points M’, M, M"”, &c. not
fituated in the fame plane (except one f tending to a given
point M) be given, then the force tending to that point can be
found, and the curve defcribed.  Refolve all the forces tending
to the points M, M/, M/, M"”, &c. into two others; one MS,
M’S, M”’S, M’”’S, &c. perpendicular to the plane in which the

body moves, and the other‘ SpP, S’P, S”P, /P, &c. in the
plane; then will £ x MP__ == f7 x ———__f " nﬁ:i:,_—b&c.: 0, from
which equation f the force tending to the point M may be
found; then, from the preceding propoﬁtion ﬁnd the curve,

which a body agitated by forces f X — ,f ! M/P’ S 15\4’/1/)13;

&c. tending to the points S, §’, 57, &c. defcribes, and it will

be the curve required.

4. If the body moves in a curve of double curvature, and the
forces f, J’5 fs &c. tending to all the centers M, M/, M/,
M, &c. be given ; from the fluent of the fluxional quantity.

(f> 1\%* X 1\1:1}:1)—'— " M"P =/ x M”’P 7 &e) x A (A deno-

ting the fame quantity as before) = fx MP=-f" x MP-f’ %
M”P:*.:f’" X M”’P,:i:&c. =fx f)if’ X I')/ifll % ]j//z.___f;;/ X
D' &e =Z==v0 (f; f5 [ f7 &c being given
fun&ions of Dy D/, D, &c. refpedtively) can be’ deduced
the fquare of the velocity = — 22, which will be a fun&ion of

3 D,
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D, D, D, D", D", &c., and confequently a fun&tion of
D, D/, D7, eafily to be derived : fub&itute this fun&ion — 2z

for v* in the two following equatlons _F’ and R,,—F”,\

where R” and R” denote the radii of curvature in two different
planes of which the tangent above mentioned in Prob. 4. art,
4. 1s their interfe&ion, and F/ and F”/ the {um of the forces in
lines perpendicular to the tangent, and in the refpedtive planes :
from thefe forces, calculated in terms of the diftances from
three given points D, D', and D”; or in terms of two ab-
{cifl and one ordinate, and from the radii R’ and R” may
be deduced two fluxional equations of the fecond order, ex-
prefling the relation between three diftances D, D’, and D",
&c. which may always be reduced to one fluxional equation of
the fourth order exprefling the relation between one abfcifs and
its correfpondent ordinates, or the diftances from two given
points.

5. The general flugional equation exprefling the relation be-
tween the diftances from two given points will be of the fourth
order, if no fluents are contained in it; for it admits of four
different quantities to be aflumed at will, or according to the
conditions of the problem.

6. If fome points, to which the forces tend, are fituated
at an infinite diftance ; that is, fome forces always act parallci
to themfelves; from the given forces alting either to given
points, or in parallel dire&ions, by the equation fx D==f"x
"D’zf 7 D”==&c.= — v can be deduced the fquare of the
velocity at a point P in terms of the diftances from two given
points, or of an abfcifs .and ordinate ; if the centers, &c. and
parallel forces are all fituated in the fame plane : or in terms of
the dxﬁances from three points, or two abfcifle and an ordi-

M2 nate,
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nate, if fituated in different planes; from the centers, &e.
and forces given, find the fum F of the forces in any direc~
tion (PL) (the direftion of the tangent excepted) aling on
the body at the point P, and the chord of curvature C of the
curve at the fame point and in the fame dire&ion ; in the equa-
tion v* =1 F x C for v* {ubftitute the value found before, and
there refults an equation exprefling the relation between the
diftances from two points, or an abfcifs and ordinate, &c. if
the forces a& in the fame plane: but if the forces al in dif-
ferent planes, find the fum F and F” of the forces at the point
P in direCtions which are not both fituated in one plane with
the tangent and each other; and alfo the chords C and C’ of
curvature in thofe dire@ions in terms of the diftances from
three points, or two abfcifle and one ordinate, &c. In the
equations v*=3 FxC and v*=§F' x C’ for »" {fubflitute its
value found from the principles before given; and there refult
two fluxional equations of the fecond order exprefling the rela-
tion between the diftances from three points, or two abfcifla
and an ordinate, &c.

PR OP. VIIL

Fig. 9. Let a body move in a curve Pp, &c. and be a&ed
on at P’ by a force /' (which is as any funétion of the
diftance SP”) tending to S; let the velocities at P and p be
reprefented by the lines YP and yp in the diretion of the tan-
.gents to the points P and p; refolve thefe forces YP and yp
into two others Y% and %P, and y/ and Jp, of which one 2Y
and y/ is parallel to the line SL; the other £P and /¢ is pa-
rallel to MP: let a body fall in the right line LS, and the
force alting on the body at M’ be to the force acting on the
body moving in the curve at P’ :: SM’ : SP’, and P’M’, PM

and
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and pm be perpendicular to SLj then, if the velocity of the
body falling in the right line SL at the point M be Y, the
velocity of the body at the point # acted on by the above men-
tioned forces will be y/.

This is eally demonftrated from the refolution of forces,

2. Through S draw SN parallel to PM or pm, &c., and
aflume in the line (SN) SP=PM and Sp=pm, and let the
force at P’ in the line SN and diftance =M’P’ : the force of the
body moving in the curve at the diftance P’S : P’M’ : SP’;
then if the velocity at the diftance SP =PM be P%, the velo-
city at the diftance Sp =pm will be p/.

Cor. The force in the dire&ion of the line SL. vanithes in
the point where a perpendicular SN to the line SL pafling
through the point S cuts the /curve, and confequently the
velocity in the diretion of SL in that point is the greateft or
leaft, &c.; but if the tangent of the curve be perpendicular in any
point to LS, then the velocity in the direttion LS is nothing :-
the fame may be applied to the velocity in any other dire&ion.

Ex. Fig. 10. Let a body move in the circumference of a circle
SPA, of which the center of force is a point S in the circum-
ference; it is known, that the force in the direGtion and at the
diftance SP is as SP—5; but the force in the direction 5P is by the
hypothefis to the force in the direCtion (SA) :: 5P : SM, if PM
be perpendicular to SM, and confequently the force in the
dire@tion (SA) is as SMx SP—$; but if AS be a diameter,
AS x SM =SP>; therefore SM x SP—6=SM x AS—3 x SM—3 =
%;; and the diameter AS being given, the force in the line
SA varies as SM—2, that is, inverfely as the {quare of the dif-
tance : if the force varies as SM—*=x~2, then vv will vary as
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— %, where v denotes the velocity ; and v* will vary as
4

X I

- which agrees with the fquare of the velocity deduced

SA’ (
from the preceding principles ; for v;PY the velocity at P is
inverfely as the perpendicular SY =SM let fall from the center
of force on the tangent ; but SA® : 25P x PA :: velocity PY as

I

ﬁzgtﬁ : P/ the velocity at M ; WBence P/* (the fquare of the

: - SP* x PA* . . SP* x PA*
velocity at M)=*% sar— X PY* which varies as Ls_:“‘?“‘ '

gﬁi:SA‘fl;AgM:4SA;;3451:X,”, and confequently as— - = the
fame as above.

2. Fig. 9. If any number of forces a& on a body at P in
any given directions parallel, or tending to given points; re-
folve all the forces into two others; one in a given direGtion
SM, and the other in a dire€tion PM perpendicular to it, of
which let F be the fum of the forces refulting in the direGion
MmS, and f the furn of the forces refulting in the direion
PM ; refolve the velocity V of the body at P, which is in the
the dire@ion of the tangent PY, into two others V/ and V”,
one in the dire&tion parallel to the line SM, and the other per-
pendicular to it: in the fame manner refolve the velocity v of
the body at p, which is in the dire&ion of the tangent py, into
two others v” and v”/, one in the direGtion parallel to the line
SM, and the other perpendicular to it : then if the velocity
of the body moving in the right line SM at M be V’, and it is
conftantly afted on by a force=F, the velocity of the body at
m will bewv: and if the body move from P in a dire&tion per-
pendicular to SM with a velocity as V’/, and be always aCted
on by a force f; the velocity at the diftance PM = pm will be

a2’

Cor,
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Cor. From the forces given and the velocities in the above
mentioned direQlions at the point P, can be deduced the veloci-
ties in the fame diretions at the point , and confequently the
tangent to the curve at the point p.

PR OP. IX.
1. Let the refitance of a body, moving in a right lme, be as

any fun&tion V of the Veloc:1ty v; then will 7 = ‘7 , B=

T%;i'; where ¢, v, and x, denote the increments of time, velo-
city, and fpace; their fluents properly correfted will give the
time and fpace in terms of the velocity.

2. Let a body move in a right line, and be acted on by an
accelerating force in that line, which varies as any fun&ion X
of the diftance » from a given point; and refifted by a force
which is as any fun&ion V of the velocity winto its denfity X,
which varies alfo as a fun&ion of » and v ; then will (X+aVX")

X% = — v, from its fluent x can beé found in terms of v, or v

in terms of ¥ and thence £ = of which the fluent

X+ vx”
Properly corr ofted gives the time.

Ex. 1. Let V=v" and X’ a fun&ion of x; that is, let the
refiftance be as the {quare of the velocity and denfity, 'whence
X+ av’X") o&: —- m}, of which equation the fluential will be

fzaXa fefZHXxxXx+A and £=

: ad : + B, where A and B are
‘/:/_(e—/zaX'd'x(/efzaX'aéxXk_i_A)) ?

invariable quantities to be affumed according to the condi-

tions of the problem.
1.2,
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1.2. Let ¢*=X"and X =4, which is fuppofed to correfpond
nearly to the ftate of our atmofphere, then will v*= —

2y g—/2aXi f o) 16X% ¢ X oo — 2 x e~ [ 20" f e/ 2"ty fe —
2672 —h x ( /’ e Thy f g A), e being the number, whofe

hyperbolic log. is 1, and 4 and A quantities to be affumed
according to the conditions of the problem.

e V, and #=

I. 3 Let X=X’, and it becomes Xx=-—

X (I—]-aV) ’

2. Let X bean homogeneous fun&ion of one dimenfion of x,
that is, =ax, and V a fimilar fun&ion of » dimenfions of v,
that is = 4v", and X’ a fimilar fun&ion of r dimenfions of x and
v, and #+47=1; then by {ubftituting z» and its fluxion for v
and its fluxion, can be found the fluent of the fluxional equation
(X +aVX) %= —2v, and confequently the velocity and time
by the quadrature of curves in terms of the {pace; and in like
manner of many other cafes.

3. Fig. 4. Let a body moving in a given curve be atted on
at any point P by a force f tending to a given point S, and
refifted by a medium proportional to V a function of its velo-
city multiplied into its denfity X’ a funétion of the diftance
SP=D; to find its velocity, time, and diﬁance from the given

point S in terms of each other. ILet F= f x® the force in

the direCtion of the tangent PY, and confequently (F+
VX)A= —v9, andv" =} CXf; where A is the increment of
the arc, and Cthe chord of curvature in the dire&ion SP; but
fince the curve is given, the chord of curvature may be de-
duced from the diftance, &c. and the increment A of the arc

from a funétion of the diftance multiplied into the increment
4 of
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‘of the diftance; then, if for v be a given fun&ion of the
diftance, the other may be deduced from it, and confequently
—v9=¢ : (D) xD will be a given funcion of the diftance D
multiplied into D, whence we have ¢ : (D)xD=D (fx
5
tion, from which V xX’ may be found.

'If neither v nor f be given, reduce the two equations

(fx,%-t-VX’) A= -9 and v*'=}Cf into one, fo as to ex-
terminate either f or v and its fluxions, and there refults an
equation exprefling the relation between the other v or f and D

and their fluxions: from the velocity given in terms of D may -

+X'V) divide by D, and there refults an algebraical equa-

be deduced the time from the equation 7= ‘%.

3.2. If the body be alted on by forces tending to more points
S, &, S”, S, &c. in the fame plane ; refolve each of the forces
into two; one in the direCtion of the tangent, and the other
perpendicular to it; let the fum of the forces in the diretion
of the tangent be F; and in the diretion perpendicular to it
be F/; and 2R the diameter of curvature at the point P, which
will be given in terms of the diftances from two points, or of
an abfcifs and ordinate, and their fluxions, &c.: affume the
two equations before given (F+X'V) A= —vvand v'=F'R,
and fince A is always given in terms of D and D, if Fand F/
be given in terms of D, D', &c. the value of V x X' may
be acquired by a fimple algebraical equation : but if ¥ and F’
be not given, and confequently v not given, but V a given
fun&ion of v, and X’ a given function of the above mentioned
diftances ; then fubftitute for v its value /(E'R) in the func-
tion V, and the fluxion of § F'R for vv, and there will refult

Vor. LXXVIIL N an
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an equatxon involving D and F’ and their fluxions, and F'; but
if the forces tending to all the points but one are given in terms’
of the diftance D, or abfcifs or ordinate of the curve, and their
ﬂuxxons, then from F’ can be found F, and, wvice verfd,
from F can be found F/, and confequently there refults a
fluxional equation exprefling the relation between F or F/ and
the diftance D or D’, &c. or abfcifs or ordinate, and their
fluxions, .

From F and F’, and confequently v being found in terms

of D, IV, &c. can be deduced 7= 'i’ .

The fame method may be applled if fome forces tend to an
infinite diftance, that is, act parallel to themfelves, and others
~ tend to given points.

Ex. Let the accelerating force be direétly as the arc=x, and

the refifftance uniform=a; then will (v —4) ¥= —v7, and
‘confequently »*— 24ax+B = — "5 let A be the arc, where the
velocity =o; then will the equation Az - 20A - 5" 4 2ax =",

and the increment of the time /=7 t= _#
cremen V(A*—24aA— 4" +2ax) *

whofe integral isz-i-;x arc of a circle, of which the radius is

A —aand cof.—x—a, where A is the diftance of the point
from which the body begins to fall, andthe loweft point of the
curve ; and the accelerating force & — 4 1s as the diftance from
a point (4) of a curve, of which the diftance from the loweft
is a.
Cor. The times of the body falling from any point of the
curve to 4 will be equal.
Cor. 'The body on this hypothefis will either reft at the
point @, or at the loweft point, or any point between 44 and
~a
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- a3 for it may reft at any point, where the refitting force is
always equal or greater than the accelerating force.

Cor. Let n be the number of vibrations, then the diftance
of the arc, to which it will afcend from the loweft point at # -
vibrations, will be A —2na3 if A —-2na be not greater than
2a, it will never pafs the loweft point.

Philofophical enquiries require fome correétions, which do
not enter into mathematical calculus; for example, in fome
cafes the calculus changes the quantities frotr negative to affir-
mative, &c. when from philofophical confiderations they are not
changed; and, wice ver/#, they may be changed to affirmative,
&c. on philofophical confiderations, when they are not changed

“from the calculus: and alfo a body may ftop, &c. from philo-

fophical confiderations, as in the preceding example, when it
does not follow from the algebraical calculus, &c. It is fur-
ther to be obferved, that refiftances are always to be takeii
affirmatively.

Ex. 2. Let the accelerating force be as the arc, that is, the
diftance from the loweft point, and the refifftance as the velo-

city ; then will the Auxional equation (F -V) A= —vp be
(ax - v) &= —vv, which is an homogeneous equation of the
firft order: write in it zx for v, and its fluxion for ¥, and
there refults the equation (ax ZX) X &= = 22°% — %"%%, whence

(4-2) i= —zxz~2"% and = - = —zzzz, and thence log. v=
~1 log. (a=z+%7) (W) -2 - X cir. arc, whofe radius is
V=1

and tangent (z--l)+B whence can be found v=az,

and from curvilinear areas # = s
N 2 If



92 “Dr. WARING on

If 4a is lefs than 1, then it -becomes log r=W - -—V——— X
4 ~-—-a

0 — V.._a_.

~“=% 1 B; where B is an invariable quantity to be
2+ ’\/I .._a_.._

, z.
afflumed according to the conditions of the problem.

Cor. If the force be directly as the diftance, or as the arc of
the curve from the body to the loweft point, and the refiftance
as the velocity ; then will the velocity in one arc be to the
velocity in the correfponding point of another arc, as the arcs
to be defcribed ; and confequently the times equal.

4. If the body is ated on by forces tending to points S, S,
S”, &c. fituated in different planes, then let F be the {fum of
the forces in the dire@ion of the tangent at the point P F/
and F the fum of the forces afting on the body in two dif-
ferent direions at the fame point, which are not fituated in
the fame plane with the tangent and each other; from the

- . 2 2
three equations (F +X'V) A= —vv and % =1F’ and % =1k,

log.

in which the fame letters denote the fame quantities as be-
fore, and C and C’ denotes the chords of curvature in the
{fame dire&ions as the forces F’ and ¥/, which from the curve
being given can be found at any pomt; and if F’ or 7 is
given in terms of the diftance from a given point, or an
abfcifs or ordinate, &c. the velocity v can be found in terms
of the fame, and X’V by a fimple algebraical equation : if F”
is not given, and V is a given fun&ion of v, fubftitute in V
for v its value ./ (% CxF’), and there refults an equation ex-
prefling the relation between F (which can be deduced from
¥’ or F’/) and the diftance of the body from fome given point,
or the abfcifle and ordinates of the curve required, and their

fluxions.
If
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If fome of the forces a& in parallel dire@ions; the forces,
velocities, &c. may be found by the fame method.

PROP. X.

Fig.11. Let a body be projefted in a direction HL with a given
velocity, and be atted on by a force in a diretion parallel to AP
=x, which varies as X a fun&ion of #; and alfo by another
force in a direftion parallel to MP =y, thatis, perpendicular to
AP, ‘which force varies as Y a funétion of y; and let it move
in a medium, of which the refiftance is proportional to the
velocity ; to find the curve defcribed.

Find the fluent of (X +4v) = - v9, which correted ac-
cording to the conditions of the problem (viz. {o that v at the
point H may be to the velocity of projection :: He : H,
where bc is drawn perpendicular to AP) fuppofe v=X’; find

the fluent of }%, which corre@®ed fo as to become =0, when

x=AH, let be X”’. In the fatne manner find the fAuent of
(Y +a'v') 3= — 2’0/, which correéted, fo that o/ at the point H
may be to the velocity of projetion :: ¢b : Hb, fuppofe v' =

Y’; find the fluent of %, which corre&ed fo as to become =0,

when PM =0, let be=Y"; affume X" = Y/, and thence from
v find y: take AP=x and PM=y, and M will be a point-in
the curve, which a body proje¢ted in the line HL defcribes;
and if M in the direGtion parallel to HAP : 7o perpendicular
to it :: velocity v : velocity v, then will Mo be a tangent to .
the curve 1n the point M.
2. If a body isalted on by forces tending to any given points
S, §', S”, &c. which vary as given functions of their diftances
from the body, and refifted by a force which varies according
to a given fun&ion V of the velocity (v) into its depfity X/,
4 where
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where "X’ varies according to fome function of the diftances
from'the given points,3&c. ; to find the curve defcribed.

1. From the diftances of the body from two given points, or the
ab{cifs and ordinate of ‘the curve defcribed, and their fluxions,
&c. find the forces aéting in the direion of the tangent to
the curve, andin fome other direction, which fuppofe F and F/;
and alfo the chord of curvasure in the above mentioned direc-
tion, which let be C; then from the equations (F 4V xX")

A= —v5and v’=3CXF reduced into one by writing for v
its value in the funttion V, and for vv its value deduced from
the equation v*=§ C x F, and for A {the fluxion of the arc)
its value deduced from the diftances, &c. will refult an equa-
tion exprefﬁng the relation between the diftances from two
given points to the curve, or 1ts ‘abfcifs and ordinates, and
their fluxions.

3. If the forces are not all fituated in the fame plane, then
from the before given equation (F +V xX’) A = - v, and the
two others v* =3 C x F’ and v*= § C’F”, where F denotes the
force in the dire@ion of the tangent, and F’ and F”/ are the
forces in different direGtions, which both are not fituated in the
fame plane with each other and the tangent, and in which
direGtions the chords of curvature are refpeiively C and
‘C’; fince the quantities F, F, and F"; Cand C’ and A (as
proved before) can all be exprefled in terms of the-diftances
from three given points, or from two abfciflze and one ordinate,
and their refpe@ive fluxions; may be deduced two fluxional
equations exprefling the relation between the diftances from
three given points, or two abfciflze and an ordinate, &c.

The fame priuciples may be applied to cafes, in which fome

of the forces act in parallel dire€tions.
I On
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On moveable Cengers.

PROP, XL

1. Given the refpe&tive places of (#) bodies S, &, 87, §/,
&c. in the curves A, A/, A”, A, &c. at: the fame time,
and in the fame plane, and the forces of all the bodies alting
on S, except two, S’ and §; to find the forces of the two.
bodies ' and $” on the body S..

This propofition may be refolved by the method given in
Prop. 4. for to produce the fame effe® the fame finite forces
will be requifite, whether the centers of forces reft or move in
given: curves.

1.2. If the bodies S, ¥, §", &c. move in different planes,.
then all the forces acting on the body, except three, may be
given, which may be acquired from the method given in the-
fame propofition.

Hence it appears, that 2z forces may be requifite to be found

from the conditions of the problem to determine all the bodies
to move in their refpetive curves, when they are all fituated in
the fame plane, and that 3 x. forces may be requifite in
different planes, &c. if the force of one body (S’) on another
(8”) does not at all depend on: the force of the fame body-
(5) on any other (§””) ; and if the fame can be pradicated of

the reft, then # . z— 3 forces of the above mentioned bodies in

the fame, or # . #— 4 forces in different planes may be affumed
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3. If ‘the velocities v, v/, v/, &c. at every point of the arcs
a, @', a’’, &c. of the () above mentioned curves A, A’, A”,
&c. be given in terms of their arcs, abfcifle, or ordinates,
&c. and the places in which the bodies are fituated at the
{fame time in the arcs 4, &, &/, &c. of fome other curves B, B,
B, &c. find the correfponding velocities V, V’, V7, &c. at
the fame time of the bodies in the curves B, B, B, &c.;

° °/
b
then make ——-—”7=—-=&c =<, or which is equal to it=
v 7 v

%'7 or= _-,=&c. From the fluents of the fluxional equations
refulting properly correéted will be found the arcs 4, 2/, 47,
&c. defcribed by the bodies in the curves A, A’, A”, &c. in
the fame time as the correfpondent arcs 4, &, ¥/ &c.; and
from thence, by the method given in the preceding cafe, may
be deduced the forces.

The fame principles may be applied to bodies moving in re-

ﬁ{’cing mediums.

PROP. XIL

~ Given the law of the forces of two bodies afing on each
other, to find the two curves by them defcribed. '
~ Fig. 12. Affume » and y for the abfcifs (AP) and ordinate

(PM) of one curve, and = and z for the abfcifs (AP") and
ordinate (P’M’) of the other; where the abfcifle AP and AP’
begin from the fame point A, and are fituated in the fame line ;
then will the diftance (D=M'M) between the bodies =
Vz=x +v/u==y ); let the forces of the body placed at M on
that at M/, and of the body placed at M’ on that at M vary
as¢ : (D) =F, and ¢’ : (D) =F"; and let Mp=4« and pm=y;
then will cofine of the angle mMM’ to radius (1 )be’ — %

¥
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5 _‘__x:é::: x
V(E+H)T D T VETS)
the dire@ion of the tangent Mm will be ¢ x F, whence —vo

=¢xFx v +5° () and v°=1CF, where C is the chord
of curvature in the direGtion of thev force (F) =v1-¢

=c3 and confequently the force in

o2 2 ) . -
X g"—ly—l—.m; and v the velocity of the body in the curve,
X —xy v ’ ) )

whofe abifcifs 18 ¥ and ordinate y.

In the fame manner let ¥=%x _ % __ 0%y 4 =’

b VI Ed D vZ&yw ’

the cofine of the angle made between the diftance MM’ and

arc of the curve of which the abfcifs is ¥ and ordinate #, and

confequently ¢’ x ¥’ will be the force in the diretion of its

tangent, and therefore — v/0' = ¢/ xF/ x /2" + 4" (A) and v =

1 C’F/, where C’ is the chord of curvature in the dxreéhon of

12
the force(F)=v/1 - %—'tﬂ—s—a, and ' the velocity of
Uz —~— U

the body in the curve whofe abfcifs is = and ordinate # then,

becaufe the times of defcribing correfpondent arcs in the two

curves are equal, their increments will be equal, and confe-

. VETF VIR ,
quently t=—f$—"—=—:;;-{'—'—'—; and there are deduced five

fluxional equations, containing fix variable quantities v, v’; =,
5 %, and %, and their fluxions; reduce thefe equations, fothat
four of them (v, v/, &c.) may be exterminated, and there will
vefult an equation exprefling the relation between x and y
the abfcifs and ordinate of one curve, or % and u the abfcifs
and ordinate of the other curve, and their fluxions; the
fluential equation of which being found, and properly cor-
refted, gives the equation to the curve,

Vor. LXXVIII. o The
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The five equations are eafily reduced to three by extermi-
nating the quantities v and v/,

The fluxional equation refulting will moft commonly be of
the fifth order, as evidently appears from the nature of the
problem. . : -

2. The fame principles may be applied to determine the
curves, when the bodies move in mediums, of which the
refiftances are given: for example, fuppofe the refiftances to
vary as a fun&ion of the diftance from a given point into a
fun&ion of the velocity : to the forces in the diretions of the
tangents contained in the preceding cafe muft be added or fub-
trated the given refiftances for the forces in the dire¢tions of
the tangents, and the remaining procefs will be the fame as is
before given. ,

If two bodies defcribe fimilar orbits round a common center,
either quiefcent or moving uniformly in a right line ; the forces
and velocities and- refiftances of the medium will be to each
other in correfpondent points as their refpetive diftances from
the center,

PR OP. XIII.

Given the forces alting on any bodies, and tending to points
cither moveable or quiefcent, or in the dire&ion of the tan-
gents, &c.; to find the curve defcribed by one of the bodies. |

1. Affume » and y for the abfcifs and ordinate of the curve
required, and from thence may be deduced the diftances from
any quiefcent center of force, and confequently the force f in
that direftion ; refolve it into two others, one in the direion
of the tangent, and the other in a different one; for example,
let it be in a direCtion perpendicular to the tangent, and from
their fluxions # and y, and the force f may, by the method

3 before
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before given, be deduced the forces in the two above mentioned
direttions ; and in the fame manner may be found from w, y,
%, and y, the forces in the direftions of the tangent and per-
pendicular to it, which follow from all the forces tending to
given points, and acting on the body moving in the curve to be
inveftigated. 2. If fome of the centers of force move in
~given curves B, B’, B”, &c. whofe arcs let be denoted
by B, B/, &c. and their refpetive places at the fame time
are given ; then from their refpe&tive places given and forces,
and x» and y, and % and y, can, as before, be deduced the
forces in the direction of the tangent and its perpendicular to
the curve required. 3. If other centers of forces move in
given curves A, A’, A”, &c. and the velocities are given at
every point of the curves; let A, A’, A”, &c. be the arcs of
the curves A, A’, A”, &c. and fuppofe v, @', v”/, &c. their
correfpondent velocities ; then, if the increments of the time
be given, will 2 :é::fj—::&c. but as the velocities are given
: v v VU
at every point of the curves, @ in the curve (A) will be given

in terms of its abfcifs, ordinate, arc, &c. and confequently

> \

— In terms of the fame quantities and their firft fluxions; the
. A AL ,

fame may be affirmed of the fluxions —» 7, in the curves A,

' . AN
A”, &c.; hence, from the equation —=_;, can be deduced

the relation between the abfcifs or ordinate, &c. of the curve
A and its correfpondent abfcifs or ordinate, &c. of the curve
A’ 5 and {o of the remaining curves; hence this cafe is reduced
to the preceding ; but it is neceffary alfo, that the times of the
bodies in the two cafes fhould be the fame, in order that the

. °

places may correfpond, and confequently g-:%—-: Wherev.V‘

O 2 denotes
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denotes the velocity of the body at any point of the curve B
from which equation can be deduced the correfpondent abfciffze
and ordinates, &c. of the curves B and A; and thence
the two cafes ate reduced to the p-rec‘cding,’ whence the
correfpondent forces in the directions of the tangent, and per-
pendicular to it, can be found as above. 4. If fome () of
the centers move in curves L, L/, L, &c to be deduced from:
the laws of the forces being given which a& on them ; affume
% and #, 2" and o, ¥/ and 4", &c. for their refpective abfcife
and correfpondent ordinates ; and from them and y and &, § and
%, find the forces alting on the body moving in the curve re-
quired in the direCtion of the tangent, and perpendicular to it,,
as before ; then add all the forces deduced which aé perpen-
dicular to the tangent and alfo all contained in the dire&tion
of the tangent together with the refifting force in the fame
dire&ion, and let the fums refulting be refpetively F and F’:
- by the fame method find the fum of the forces which a& on the
bodies moving in L, L, L”, &c. in the dire&ions of the tan~
gents, and perpendiculars to them, which fuppofe S and 5, S’ and
s’y S and 5"/, &c.; then reduce the 2 (m+ 1) equations. of the

X
1z

. . . T2 2 .
formule found above, wiz. v’=FxZXX_ and —ov=F

Jx—ip

1 YR TR’
and -’ =S x 2" +a*; v =

§ X = and — v % 0 =8 x /2" 44, &e. ; where v,
U B —2u

v’y v, v, &ec. refpetively denote the correfpondent velo-
cities of the bedies moving in the curves, whofe abfciffe are

\ . B VELF
% %, %', 2", &c. ;5 and alfo the (m + 1) equations e e
sz V(2 i NIELXw . .
——= ( ~ )= (zv,,',"”\ ) = &e. containing the 3 (m+ 1")-

7 i
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+ 1 variable quantities # and y, % and #, %" andi ', = and »”,
&c., v, v, v, &c., and the variable quantity contained in
B and V, into one, fo that all the variable quantities except x
and y and their fluxions may be exterminated, and there re-
fults an equation to the curve required exprefﬁﬁng the relation
between x and ¥ its abfcifs and ordinate, and their fluxions.
5. If the forces are not fituated in the fame plane, affume X,
% and y, for the two abfcifle and ordinates. of the curve re-
quired; and 4, sand #3 Z/, & and «’; Z”, 2 and 4”5 &ec.
for the two abiciflze and ordinates of the () curves L, L,
L”, &c. refpe@tively ; and from the preceding method may be:
acquired the 3(m+1) equations v'=F x C, v*=F" x C’, and

—o=F" xVX: 482455 v*=SxC, v"=¢c’ and —v'v’
=sx V2 2wy 02=5C"=¢¢” and -1’0 =y x
‘/(Z’z‘l" é’z-!- z2’='-) ; vl//z __S//CIII I// al]d u/vl// "'SH X

\/(Z”Z-;-é”z-{-zz”') ; &c.; in whxch v denotes the velocity in
the requued curve, and v’y v”, v/, &e. the correfpondent:
velocities n the curves L, L/, L” &c. ; and F, F’, and F;

S,cand s3 §, ¢ and s'5 S”, ¢ and s 5 &c. denote the forces.
a&ing on the refpective bodxes in two different planes and in
the tangents, which planes. cut each other in the tangents of
the curves; and C and ¢, &c., C and ¢/, &c., C” and ¢”,
&ec. the £ chords or radii of curvature in thefe two planes to the
different curves in the dire&ions of the forces; and alfo the

.y . B Vi grp Viiiaos
(m + 1)equations beforementioned = Rt AP e 1 S

7 B

— -
ey 74 - - m—,
= Zz-: L =&c.; where \/X‘-l-x +_y \/Z’“+g"+u‘,

&c. are the fluxions of the arcs of the required curve, and of

the curves L, L', L”, &c. reduce thefe 47+4 equations. con-
taining
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taining 4m + § variable quantities into two, fo that all the varia-
ble quantities except three, X, ¥, and y, and their fluxions may
be exterminated; and there refult the two equations required.

It may be obferved, that when the refiftance arifing from
the denfity of the medium and velocity (v) of the body varies
as X’ x 0"+ X, where X and X are as fun&ions of the diftances
from given points, the refolution of the fluxional equations
will generally be more eafy, than when the refiftance varies as
other fun&ions of the velocities.

- If the force a&s equally on. the particles of the body and
fluid, then the force by which a body defcends in a medium is
as the whole force X a&ing on the body at the given diftance
multiplied into a fra&tion whofe numerator is the difference be-

tween the denfity of the body (D) and fluid (X’) at that dif-

o . . & D=X
tance and denominator D, that is, as X x -5

~ Many cafes might have been given, in which the fluxional
equations could have been refolved ; but in general their fluents
can only be found by means of converging feriefes.




